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Abstract
We prove global sharp estimates for the heat kernel related to certain sub-Laplacians on a
real semisimple Lie group, from which we deduce an estimate for the corresponding Green
function.
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Let us ﬁrst describe our setting. We take the opportunity to recall some standard
notation. Let G be a semisimple real Lie group, connected, noncompact, with ﬁnite
center. We assume that the Lie algebra g of G has no compact factor. If y is a Cartan
involution of g; then the latter decomposes into g ¼ k"p with k ¼ fXAg : yðX Þ ¼
Xg and p ¼ fXAg : yðX Þ ¼ Xg; and K ¼ exp k is a maximal compact subgroup
of G: We ﬁx a Cartan subspace a of ðg; yÞ; i.e., an Abelian subalgebra of g; embedded
in p and maximal for these properties, whose dimension (which is also the rank of the
symmetric space G=K) will be denoted by c: Let B be the Killing form on g; the
bilinear form /X ; YS ¼ BðX ; yðYÞÞ then deﬁnes an AdðKÞ-invariant scalar
product on g; for which the decomposition g ¼ k"p is orthogonal and by which a
can be identiﬁed with its dual an; for every lAanDa; we set jlj2 ¼ /l; lS: We also
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choose in a a positive Weyl chamber aþ; which amounts to ﬁxing an order on the
system SCan of restricted roots of ðg; aÞ: The subset of S made up of the indivisible
positive roots will be denoted by Sþ0 : If ðY1;y; YpÞ (resp. ðZ1;y; ZkÞ) is an
orthonormal basis of p (resp. k), then the element Op ¼
Pp
j¼1 Y
2
j (resp.
Ok ¼
Pk
j¼1 Z
2
j ) of the universal enveloping algebra UðgÞ does not depend on the
chosen orthonormal basis. The Casimir operator O of g is the element of the center of
UðgÞ deﬁned by O ¼ Op  Ok:
Recall also some classical theory about heat kernels on G: Let X1;y; Xn be left-
invariant vector ﬁelds on G (which can be canonically identiﬁed with elements of g)
and form the sub-Laplacian D ¼Pnj¼1 X 2j : If the system fX1;y; Xng satisﬁes the
Ho¨rmander condition, namely if the Lie algebra spanned by fX1;y; Xng is g; then
one can deﬁne the heat kernel htðxÞ (t40; xAG) as the fundamental solution of the
heat equation ð@=@t  DÞuðt; xÞ ¼ 0 (see [13] or [14] for instance); ht is a positive
function on G; symmetric (i.e., htðx1Þ ¼ htðxÞ for all xAG) since G is unimodular,
CN with respect to ðt; xÞA	0;þN½G; satisfying R
G
dx htðxÞ ¼ 1; and lying in every
LpðGÞ for 1pppþN (G is equipped with its biinvariant Haar measure). We
propose here to determine the global behavior of htðxÞ for some class of sub-
Laplacians we will make explicit in the next paragraph. Mustapha has recently
proved, for a general Ho¨rmander sub-Laplacian D; the upper bound
htðxÞpCetl0 t
l
2jS
þ
0
j e
jjxjj2
Ct ðtX1; xAGÞ ð1Þ
(see [12, Theorem 1]; see also [6, Theorem 2.3.1; 11, Section 3]). We also understand
that Alexopoulos and Lohoue´ have just obtained more precise upper and lower
bounds (see [1]). In (1), C denotes a positive constant depending only on G and D; l0
the spectral gap of the operator D on the Hilbert space L2ðGÞ; i.e., the (positive)
inﬁmum of the set fR
G
dx ðD f ÞðxÞ f ðxÞ : fACNc ðGÞ; jj f jj2 ¼ 1g and jjxjj ¼ dðe; xÞ
is the distance from e (the unit element of G) to x with respect to the associated
Carnot–Carathe´odory metric (or control distance) d (see [5, Sections 1 and 2] or [14,
Chap. 3, Section 4]). Let us recall how it is deﬁned: among all the absolutely
continuous paths g : ½0; 1	-G; we restrict ourselves to those that are tangent to the
left-invariant vector ﬁelds X1;y; Xn; i.e., satisfy an identity
’gðtÞ ¼
Xn
j¼1
ajðtÞXjðgðtÞÞ ¼ ðdeLgðtÞÞ
Xn
j¼1
ajðtÞXj
 !
ð2Þ
for almost all tA½0; 1	; where the aj’s are some real-valued square-integrable functions
on ½0; 1	; and where we identiﬁed each vector ﬁeld X with the tangent vector X ðeÞ and
set LxðyÞ ¼ xy (x; yAG). The length jgj of the path g is then deﬁned by
jgj ¼ inf
Z 1
0
dt
Xn
j¼1
ajðtÞ2
 !1=28<
:
9=
;;
P. Ostellari / Journal of Functional Analysis 199 (2003) 521–534522
where the inﬁmum is taken over the decompositions (2) of ’gðtÞ with respect to the
Xj ’s (since, in the general case, the coefﬁcients ajðtÞ are not uniquely deﬁned), and,
given x; yAG; dðx; yÞ is the inﬁmum of jgj when g describes the set of all the
absolutely continuous paths ½0; 1	-G that are tangent to X1;y; Xn; and such that
gð0Þ ¼ x and gð1Þ ¼ y: d is a distance on G which is left-G-invariant: one has
dðgx; gyÞ ¼ dðx; yÞ for all g; x; yAG:
Now let us introduce the class of sub-Laplacians this paper will deal with and
explain what motivated us in this choice. The Laplace–Beltrami operatorL on G=K
and the corresponding heat kernel have been extensively studied (see for instance [4]
and the references cited therein). Recall that L is obtained by applying O or, which
amounts to the same, Op to right-K-invariant (smooth) functions on G: The most
natural operator to consider next is the Laplacian D ¼ Op þ Ok; as well as the sub-
Laplacian D ¼ Op: In this article we shall study the more general class of left-
invariant sub-Laplacians
D ¼ Op þ
Xl
j¼1
X 2j ð3Þ
on G; where X1;y; Xl are any elements in k: We will show that these operators and
their heat kernels are closely related to L and its heat kernel. Speciﬁcally, their
opposites have the same spectral gap, their control distances are comparable at large
scale (up to additive constants) and, most of all, their heat kernels htðx; yÞ ¼ htðy1xÞ
have the same global behavior, at least as long as t does not get close to 0 and
dðx; yÞ ¼ OðtÞ: First remark that, for such a sub-Laplacian D; the Ho¨rmander
condition is fulﬁlled, since Y1;y; Yp (and a fortiori Y1;y; Yp; X1;y; Xl) span the
whole Lie algebra g; so it does make sense to consider the associated heat kernel.
In what follows, we shall use the notation hyt ðxÞ ðt40; xAGÞ for the heat kernel
bilaterally averaged on K :
hyt ðxÞ ¼
Z Z
KK
dk1 dk2 htðk1xk2Þ:
Lemma 1. For each RX0; T40 and e40; there exists a constant C40 such that
htðxÞpChtþeðyÞ for all tXT and x; yAG satisfying dðx; yÞpR:
Proof. First ﬁx RX0; T40 and e40; let then n be an integer greater than
maxfR; 1
2
e=Tg: In order to simplify the expression of some formulae, we set t ¼
1
2
e=n: According to the Harnack principle (see [14, Theorem V.4.2]), there exists a
constant C140 such that, for every positive solution u of the heat equation on
	0;þN½G and x; yAG satisfying dðx; yÞo1
2
; one has uðt; xÞpC1uð2t; yÞ: Consider
now two elements x; yAG such that dðx; yÞpR: Since dðx; yÞon ¼ 2n  1
2
; one can
ﬁnd x1;y; x2n1 in G satisfying the condition dðxj1; xjÞo12 for all j such that
1pjp2n; with x0 ¼ x and x2n ¼ y: Let tXT : For 1pjp2n; denote by uj the function
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deﬁned by ujðs; zÞ ¼ hsþtþðj2ÞtðzÞ (s40; zAG); uj is a positive solution of the heat
equation on 	0;þN½G; thus the previously recalled result applies and provides us
the inequality ujðt; xj1ÞpC1ujð2t; xjÞ; i.e., htþðj1Þtðxj1ÞpC1htþjtðxjÞ: Combination
of the relations obtained for j ¼ 1;y; 2n gives
htðxÞ ¼ htðx0ÞpC1htþtðx1ÞpC21htþ2tðx2Þp?pC2n1 htþ2ntðx2nÞ ¼ C2n1 htþeðyÞ;
which concludes the proof. &
Lemma 2. One has bounds
C1h
y
t1ðxÞphtðxÞpC2hytþ1ðxÞ ðtX2; xAGÞ;
where C1 and C2 are positive constants independent of t and x:
Proof. From Lemma 1 it follows that, for each RX0; one can ﬁnd a C40 such that
htðxÞpCh
tþ1
2
ðyÞ for all tX1 and x; yAG satisfying dðx; yÞpR: Taking for R the
diameter of K ; one obtains
htðk1xk2ÞpCh
tþ1
2
ðk1xÞ ¼ Ch
tþ1
2
ðx1k11 ÞpC2htþ1ðx1Þ ¼ C2htþ1ðxÞ
for all tX1; xAG and k1; k2AK ; using the symmetry hsðyÞ ¼ hsðy1Þ and the left-
invariance of the distance d: Therefore hyt ðxÞpC2htþ1ðxÞ for all tX1 and xAG; by
integration with respect to k1 and k2: The converse estimate is obtained in an
analogous way. &
Fix t40 and xAG: By the semigroup property
ht=2 *ht=2 ¼ ht ð4Þ
combined with the symmetry of ht=2; one can write h
y
t ðxÞ as
hyt ðxÞ ¼
Z
K
dk1
Z
K
dk2
Z
G
dy ht=2ðk1xk2y1Þht=2ðyÞ
¼
Z
G
dy K ht=2ðxy1ÞhKt=2ðyÞ ¼
Z
G
dy K ht=2ðxyÞK ht=2ðyÞ; ð5Þ
where the functions K ht=2 and h
K
t=2 are deﬁned by
K ht=2ðyÞ ¼
R
K
dk ht=2ðkyÞ and
hKt=2ðyÞ ¼
R
K
dk ht=2ðykÞ ¼Kht=2ðy1Þ: On the other hand, it follows from the
Plancherel formulaZ
G
dy jcðyÞj2 ¼
Z
Gˆ
dmðpÞ trfpðcÞpðcÞng ðcAL1ðGÞ-L2ðGÞÞ;
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m denoting the Plancherel measure on the dual Gˆ (see [15, Theorem 14.11.2]), by
polarization, that
Z
G
dy fðyÞcðyÞ ¼
Z
Gˆ
dmðpÞ trfpðfÞpðcÞng ¼
Z
Gˆ
dmðpÞ trfpðf*cnÞg;
for all f; cAL1ðGÞ-L2ðGÞ; where the function cn is deﬁned cnðyÞ ¼ cðy1Þ ðyAGÞ:
The previous identity, applied to fðyÞ ¼Kht=2ðxyÞ and cðyÞ ¼Kht=2ðyÞ; gives
Z
G
dy K ht=2ðxyÞK ht=2ðyÞ ¼
Z
Gˆ
dmðpÞ trfpðxÞ1pðhyt Þg: ð6Þ
Indeed, these functions f and c lie in L1ðGÞ-L2ðGÞ; are nonnegative and satisfy
ðf*cnÞðyÞ ¼
Z
G
dz K ht=2ðxyz1ÞK ht=2ðzÞ
¼
Z
K
dk1
Z
K
dk2
Z
G
dz ht=2ðk1xyk2z1Þht=2ðzÞ
¼
Z
K
dk1
Z
K
dk2 htðk1xyk2Þ ¼ hyt ðxyÞ
by (4); hence, one has pðf*cnÞ ¼
R
G
dy hyt ðxyÞpðyÞ ¼ pðxÞ1pðhyt Þ: Gathering (5) and
(6), one obtains the expected result:
hyt ðxÞ ¼
Z
Gˆ
dmðpÞ trfpðxÞ1pðhyt Þg: ð7Þ
Moreover, the Fourier transform of bi-K-invariant functions vanishes outside the
subset GˆK of the Gˆ made up of (unitary irreducible) spherical representation classes
of G (i.e., admitting a nonzero K-ﬁxed vector), and supp m-GˆK reduces to the
unitary spherical principal series ðplÞlAan ; where pl ¼ IndGP wl is the representation
induced by the character wlðmanÞ ¼ eilðlog aÞ (mAM; aAA; nAN) of the minimal
parabolic subgroup P ¼ MAN; which can be realized on the (complex) Hilbert space
H ¼ L2ðK=MÞ by
fplðxÞf gðkMÞ ¼ eðilþrÞðH½x1k	Þf ðK ½x1k	MÞ ðxAG; fAH; kAKÞ
(in accordance with usual notations, M is the centralizer of A ¼ exp a in K ; r the half
sum of the restricted roots of ðg; aÞ counted with their multiplicities, and H½x1k	
and K ½x1k	 are, respectively, the a- and K-components of x1k in the Iwasawa
decomposition G ¼ Kðexp aÞN). On GˆK ; the expression of the Plancherel measure
dmðplÞ is proportional to jcðlÞj2 dl; where c is the Harish-Chandra function (see
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[8, Chapter IV, Theorem 7.5]), hence identity (7) can be written as
hyt ðxÞ ¼ k
Z
an
dl jcðlÞj2 trfplðxÞ1plðhyt Þg ð8Þ
for some constant k40 independent of x and t: For every lAan; denote by plðdkÞ ¼R
K
dk plðkÞ the orthogonal projection ofH onto the subspaceHK ¼ C 1 of the K-
ﬁxed vectors in H (see [8, Chapter IV, Lemma 3.6]) where 1 is the class of the
constant function equal to 1. By bi-K-invariance of hyt ; one has plðhyt Þ ¼
plðdkÞplðhyt Þ plðdkÞ; hence, for every orthonormal basis ðx0; x1; x2;yÞ of H such
that x0 ¼ 1;
trfplðxÞ1plðhyt Þg ¼
XN
j¼0
ðplðxÞ1plðhyt Þxj j xjÞ ¼ ðplðdkÞplðhyt ÞplðdkÞ1 j plðxÞ1Þ
¼
XN
j¼0
ðplðdkÞplðhyt Þ1 j xjÞðplðxÞ1jxjÞ ¼ ðHhyt ÞðlÞjlðxÞ;
where Hhyt denotes the spherical Fourier transform of h
y
t—let us recall that it is
deﬁned by ðHhyt ÞðlÞ ¼ ðplðhyt Þ1j1Þ ¼ ðplðhtÞ1j1Þ for all lAan—and jl the spherical
function associated with pl: jlðxÞ ¼ ðplðxÞ1j1Þ for all xAG: The function jl is
positive deﬁnite (see [8, Chapter IV, Theorem 3.4]), so jlðxÞ ¼ jlðx1Þ: Using the
symmetry of ht (and thus of h
y
t ), formula (8) can be written
hyt ðxÞ ¼ k
Z
an
dl jcðlÞj2ðplðhtÞ1 j 1Þ jlðxÞ:
From now on l is ﬁxed in an: Consider the Cauchy problem
u0ðtÞ ¼ ðjlj2 þ jrj2Þ uðtÞ ðt40Þ; ð9Þ
where the C1 function u : 	0;þN½-C satisﬁes the boundary condition
limt-0þ uðtÞ ¼ 1: The function u1ðtÞ ¼ etðjlj2þjrj2Þ is, of course, a solution. So is
the function u2ðtÞ ¼ ðplðhtÞ1j1Þ ¼
R
G
dx htðxÞjlðxÞ; let us show this statement.
The dominated convergence theorem allows us to write d
dt
fplðhtÞ1g ¼R
G
dx @@t ðhtðxÞÞplðxÞ1 for all t40; since we have bounds
@
@t
ðhtðxÞÞ

pChtþ1ðxÞpC0e jjxjj
2
C0ðtþ1Þ ðt40; xAGÞ
(see [14, Theorem V.4.2, and (1)]), the positive constants C and C0 being independent
of t and x: Then
d
dt
fplðhtÞ1g ¼
Z
G
dx ðDhtÞðxÞplðxÞ1
¼
X
XAX
Z
G
dx ðX 2htÞðxÞplðxÞ1 ðt40Þ;
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using expression (3) of the sub-Laplacian D; where we have set X ¼
fY1;y; Yp; X1;y; Xlg: Given XAX and t40; one has
d
ds

s¼s0
ðXhtÞðx exp sXÞ ¼ d
ds

s¼0
ðXhtÞðx exp s0X exp sXÞ
¼ ðX 2htÞðx exp s0X Þ ðs0AR; xAGÞ
and, for sufﬁciently small Z ¼ ZðXÞ40 (according to the same references),
sup
js0jpZ
jðX 2htÞðx exp s0X ÞjpChtþ1ðxÞpC0e
1
C0 jjxjj
2 ðxAGÞ;
where C40 and C0 ¼ C0ðtÞ40 do not depend on x: We are then allowed to writeZ
G
dx ðX 2htÞðxÞplðxÞ1 ¼
Z
G
dx
d
ds

s¼0
ðXhtÞðx exp sX ÞplðxÞ1
¼ d
ds

s¼0
Z
G
dx ðXhtÞðxÞplðx expðsXÞÞ1
since the vector 1AH is differentiable with respect to the representation pl: In the
same way, one has, for all s0AR and xAG; dds


s¼s0
ðXhtÞðxÞplðx expðsXÞÞ1


L2ðGÞ
¼ d
ds


s¼0
ðXhtÞðxÞplðxÞplðexpðs0X ÞÞplðexpðsXÞÞ1



L2ðGÞ
pjðXhtÞðxÞj d
ds


s¼0
plðexpðsX ÞÞ1



L2ðGÞ
pC1jðXhtÞðxÞjpC2htþ1ðxÞpC3e
jjxjj2
C3 ;
where the constants C1; C2 and C3 are independent of s0 and x: It follows thatZ
G
dx ðX 2htÞðxÞplðxÞ1 ¼ 
Z
G
dx ðXhtÞðxÞplðxÞplðXÞ1
(as usual pl denotes as well the representations of g and UðgÞ which are obtained by
differentiation of the representation pl of G). Going on with the same argument one
obtains Z
G
dx ðXhtÞðxÞplðxÞplðXÞ1 ¼ 
Z
G
dx htðxÞplðxÞplðX Þ21;
P. Ostellari / Journal of Functional Analysis 199 (2003) 521–534 527
therefore,
d
dt
fplðhtÞ1g ¼
X
XAX
Z
G
dx ðX 2htÞðxÞplðxÞ1
¼
X
XAX
Z
G
dx htðxÞplðxÞplðX 2Þ1
¼
Z
G
dx htðxÞplðxÞplðDÞ1 ðt40Þ:
But the function 1 is right-K-invariant, which implies that plðX Þ1 ¼ 0 whenever
XAk: We then deduce from (3) that plðDÞ1 ¼ plðOpÞ1 ¼ plðOÞ1 ¼ ðjlj2 þ jrj2Þ1 by
the inﬁnitesimal character formula (see [9]). Hence the function u2 satisﬁes the
differential equation (9). To study the behavior of u2ðtÞ as t-0þ; we shall use the
following result:
Lemma 3. The probability measure htðxÞ dx (on G) converges weakly to the Dirac
measure de as t-0þ:
Proof. Let ðtjÞjX0 be a sequence of positive real numbers converging to 0: The
sequence ðhtj ðxÞ dxÞjX0 takes its values in the compact set MðGÞ formed out of the
probability measures on G; therefore one can extract a subsequence converging to
some element mAMðGÞ: Let r40 and Br ¼ Bðe; rÞCG be the open ball with center e
and radius r (with respect to the Carnot–Carathe´odory distance d), and let
f : G-C be a continuous function with a compact support separate from Br: For
sufﬁciently large j; one can apply to htj ðxÞ the bound
htðxÞpCtg e
1
C
jjxjj2=t ð0oto1; xAGÞ ð10Þ
(see [14, Theorem V.4.3]), for some positive constants C and g; independent of t and
x; thus
Z
Br
dx htj ðxÞfðxÞ

pCtgj e r
2
2Ctj
Z
Br
dx e
jjxjj2
2C jfðxÞj;
which shows that limj-N
R
Br
dx htj ðxÞfðxÞ ¼ 0: It follows that the support of the
measure m is contained in every ball Br; in other words in feg: m equals then the
Dirac measure in e:
If we now assume that ht does not converge weakly to de as t-0þ; then there exist
a sequence ðtjÞjX0 of positive real numbers converging to 0 and a compactly-
supported test function f; continuous on G; such that inf jX0 jfðeÞ R
G
dx htj ðxÞ fðxÞj40: The preceding reasoning then shows that de is a cluster point
of the sequence ðhtj ÞjX0; which is in contradiction with the last remark. &
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Let w : G-½0; 1	 be a CN function such that wðxÞ ¼ 1 for xAB1 and wðxÞ ¼ 0 for
xAG\B2: Then one has
u2ðtÞ ¼
Z
B2
dx htðxÞwðxÞjlðxÞ þ
Z
G \B1
dx htðxÞð1 wðxÞÞjlðxÞ ðt40Þ:
By (10), one has
Z
G \B1
dx htðxÞð1 wðxÞÞjlðxÞ


pCtge
1
2Ct sup
yAG
jjlðyÞj
 !Z
G
dx e
jjxjj2
2C ð0oto1Þ;
hence
lim
t-0þ
Z
G \B1
dx htðxÞð1 wðxÞÞjlðxÞ ¼ 0:
On the other hand, Lemma 3 shows that limt-0þ
R
B2
dx htðxÞwðxÞjlðxÞ ¼ jlðeÞ ¼ 1:
We can now conclude that the solutions u1 and u2 of the Cauchy problem are
identical, which amounts to ðHhyt ÞðlÞ ¼ etðjlj
2þjrj2Þ ðt40Þ; and therefore
hyt ðxÞ ¼ k
Z
an
dl jcðlÞj2etðjlj2þjrj2ÞjlðxÞ ðt40; xAGÞ:
This result, combined with Lemma 2, provides the following estimate about the
asymptotical behavior of the heat kernel:
Theorem 1. There exist two positive constants C1 and C2; independent of t and x; such
that
C1
Z
an
dl jcðlÞj2eðt1Þðjlj2þjrj2ÞjlðxÞ
phtðxÞpC2
Z
an
dl jcðlÞj2eðtþ1Þðjlj2þjrj2ÞjlðxÞ
for all tX2 and xAG:
Whenever xAG; we shall set jxj ¼ jHj where x is decomposed into x ¼
k1ðexp HÞk2 with respect to the polar decomposition G ¼ Kðexp aþÞK :
Lemma 4. If D is a sub-Laplacian of the form (3) then there exists a constant cX0 such
that jxjpjjxjjpjxj þ c for all xAG; where jj  jj is defined with respect to D:
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Proof. Let xAG: If g : ½0; 1	-G is a generic absolutely continuous path joining e to x
and tangent to Y1;y; Yp; X1;y; Xl ; then it satisﬁes some identity of the type
’gðtÞ ¼ ðdeLgðtÞÞ
Xp
i¼1
aiðtÞYi þ
Xl
j¼1
bjðtÞXj
 !
for almost all tA½0; 1	 (see (3)). Hence from the obvious bound
Z 1
0
dt
Xp
i¼1
aiðtÞ2 þ
Xl
j¼1
bjðtÞ2
 !1=2
X
Z 1
0
dt
Xp
i¼1
aiðtÞ2
 !1=2
follows the left-hand side inequality. On the other hand, in order to prove the right-
hand side inequality, let us remark that jjexp X jj ¼ /X ; XS1=2 whenever XAp: since
the inequality jjexp X jjX/X ; XS1=2 has already been shown, it remains to prove the
converse one. Consider the path gðtÞ ¼ expðtX Þ joining e to exp X : Then
’gðtÞ ¼ ðdexp tX expÞðXÞ ¼ ðdeLexp tX Þ 1 expðt ad XÞ
t ad X
 
ðXÞ
for all tA½0; 1	 (see [7, Theorem 1.7]), therefore ’gðtÞ ¼ ðdeLexp tX ÞðX Þ; which shows
that g is tangent to Y1;y; Yp; X1;y; Xl and implies that jjexp X jjpjgj ¼
/X ; XS1=2: To conclude, notice that /X ; XS1=2 ¼ jexp X j whenever XAp (since it
is obviously true for any XAaþ; and AdðKÞaþ ¼ p) and write x ¼ k exp X
(kAK ; XAp) with respect to the Cartan decomposition G ¼ K exp p; then, by
left-invariance of the metric d; one gets
dðe; k exp X Þpdðe; kÞ þ dðk; k exp X Þ ¼ jjkjj þ jjexp X jj ¼ jjkjj þ jexp X j;
hence jjxjjpjxj þ c where c is, e.g., the diameter of K : &
Theorem 1, combined with Lemma 4, allows us to compare htðxÞ with the heat
kernel related to the Laplace–Beltrami operator on the symmetric space G=K ; the
behavior of which has been determined by Anker [3] and by Anker and Ji [4]:
Corollary 1. ðiÞ One has the global estimate
htðxÞpCtsð1þ jjxjjÞtj0ðxÞe
tjrj2 jjxjj
2
4ðtþ2Þ;
for all tX2 and xAG; where C; s and t are nonnegative constants.
ðiiÞ Whenever tX2 and jjxjj ¼ OðtÞ; one has bounds
htðxÞ^t
l
2
jSþ
0
jj0ðxÞetjrj
2 jjxjj
2
4t :
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More precisely, for every C40; there exist constants 0oC1oC2oþN such that the
quotient
htðxÞ
t
l
2
jSþ
0
jj0ðxÞ etjrj
2 jjxjj
2
4t
is bounded between C1 and C2; for all tX2 and xAG such that jjxjjpCt:
Recall that
j0ðxÞ^
Y
aASþ
0
ð1þ/a; HSÞ
0
@
1
A e/r;HS
for all x ¼ k1ðexp HÞk2 in the cartan decomposition G ¼ Kðexp aþÞK (see [2]).
Theorem 1, via the previous corollary, provides also the bottom of the L2 spectrum
of any sub-Laplacian of the form (3):
Corollary 2. If D is a sub-Laplacian of the form (3), then
inf
fAL2ðGÞ
jj f jj2¼1
ðDf j f Þ ¼ jrj2:
Proof. This result follows from the estimate htðeÞ^t
l
2
jSþ
0
jetl0 ðt-þNÞ;
obtained by Bougerol [6, Theorem 2.3.1] and made explicit by Lohoue´ [11, Section
3], combined with statement (ii) in Corollary 2. &
Remark. Corollary 2 can also be obtained independently of Theorem 1, from Herz’s
principes de majoration (see for example [10, Lemmas 1 and 2]). Indeed the operator
norms of the regular representation LGðhyt Þ on L2ðGÞ and the quasi-regular
representation LG=Pðhyt Þ on L2ðG=PÞ can be compared with each other:
jjjLGðhyt ÞjjjL2ðGÞ ¼ sup
f; cAL2ðGÞ
jjfjj2¼jjcjj2¼1
ðLGðhyt ÞfjcÞ
p sup
*f; *cAL2ðG=PÞ
jj *fjj2¼jj *cjj2¼1
ðLG=Pðhyt Þ *fj *cÞ ¼ jjjLG=Pðhyt ÞjjjL2ðG=PÞ
and, for every e40; one can ﬁnd functions *f; *cAL2ðG=PÞ and fj ; cjAL2ðGÞ ðjX0Þ;
satisfying jjfjjjL2ðGÞ ¼ jj *fjjL2ðG=PÞ and jjcjjjL2ðGÞ ¼ jj *cjjL2ðG=PÞ; for which one has
jjjLG=Pðhyt ÞjjjL2ðG=PÞp ðLG=Pðhyt Þ *fj *cÞ þ e
¼ lim
j-N
ðLGðhyt ÞfjjcjÞ þ epjjjLGðhyt ÞjjjL2ðGÞ þ e:
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We then deduce equalities
jjjLGðhyt ÞjjjL2ðGÞ ¼ jjjLG=Pðhyt ÞjjjL2ðG=PÞ ¼ jjjp0ðhyt ÞjjjL2ðK=MÞ; ð11Þ
LG=P being identiﬁed with the representation ðp0; L2ðK=MÞÞ: By bi-K-invariance of
hyt ; one has
jjjp0ðhyt ÞjjjL2ðK=MÞ ¼ sup
f ; gAL2ðK=MÞ
jj f jj2¼jjgjj2¼1
ðp0ðdkÞp0ðhyt Þp0ðdkÞf jgÞ
¼ ðp0ðhyt Þ1j1Þ ¼ ðHhyt Þð0Þ ¼ etjrj
2
; ð12Þ
since jjp0ðdkÞ f jjL2ðK=MÞ ¼ j
R
K
dk f ðkMÞjpjj f jjL2ðK=MÞ: Furthermore, one easily
notices that, for every probability measure m on G; one has
jjjLGðmÞjjjL2ðGÞ ¼ sup
f; cAL2ðGÞ
f; cX0; jjfjj2¼jjcjj2¼1
ðLGðmÞfjcÞ;
thus, using notations and conclusion of Lemma 2, and gathering (11) and (12), one
gets
C1e
ðt1Þjrj2 ¼C1jjjLGðhyt1ÞjjjL2ðGÞpjjjLGðhtÞjjjL2ðGÞ
pC2jjjLGðhytþ1ÞjjjL2ðGÞ ¼ C2eðtþ1Þjrj
2
for all tX2: Thanks to the changes of variables x/x1 and y/y1; one has, by
symmetry of ht;
ðLGðhtÞ $fj $cÞ ¼
Z
G
dx
Z
G
dy htðxÞ $fðx1yÞ $cðyÞ
¼
Z
G
dx
Z
G
dy htðx1Þfðyx1ÞcðyÞ
¼
Z
G
dy ðf*htÞðyÞcðyÞ ¼
Z
G
dy ðetDfÞðyÞcðyÞ
for all f;cAL2ðGÞ where $f is deﬁned by $fðxÞ ¼ fðx1Þ ðxAGÞ: The mapping f/ $f
is an isometry of the Hilbert space L2ðGÞ; hence one deduces from the previous
computation the identity
jjjLGðhtÞjjjL2ðGÞ ¼ sup
f; cAL2ðGÞ
jjfjj2¼jjcjj2¼1
ðLGðhtÞ $fj $cÞ ¼ jjjetDjjjL2ðGÞ:
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By the spectral decomposition
etD ¼
Z
lASp
L2
ðDÞ
dEl e
tl ¼
Z þN
l0
dEl e
tl;
where SpL2ðDÞ denotes the spectrum of the operator D on the space L2ðGÞ; the
operator norm of the semigroup etD is
jjjetDjjjL2ðGÞ ¼ sup
lXl0
etl ¼ etl0 ;
we are now able to conclude that l0 ¼ jrj2:
Moreover, combination of Corollary 1, for large t; and estimate (10), for small t;
provides, like in [4], the following bounds for the Green function:
gzðxÞ ¼
Z þN
0
dt etðjrj
2z2ÞhtðxÞ ðzX0; xAGÞ
which is—let us recall it—the integral kernel of the operator ðD jrj2 þ z2Þ1:
ðD jrj2 þ z2Þ1f ðxÞ ¼ ðf *gzÞðxÞ
¼
Z
G
dy f ðyÞgzðy1xÞ ðfACN0 ðGÞ; xAGÞ:
Corollary 3. ðiÞ Assume z40: Then
gzðxÞ^jjxjj
1
2
l
2
jSþ
0
jj0ðxÞ ezjjxjj
for all xAG with jjxjjX1:
ðiiÞ In the limit case z ¼ 0; one has, under the same hypothesis,
gzðxÞ^jjxjj2c2jS
þ
0
jj0ðxÞ ðxAG; jjxjjX1Þ:
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